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Abstract: Stress-affected two-phase lithiation reactions in spherical elasto-viscoplastic Si particles 
for Li-ion batteries are studied here to determine the effects of a hyperelastic polymer coating on 
particle stresses, reaction front velocity, and degree of lithiation. The problem is modelled using 
finite-strain chemo-mechanical equations that couple stress, with Li-ion diffusion and reaction front 
velocity, and are solved using the finite-element (FE) approach, taking advantage of spherical 
symmetry of the problem. FE simulations and the sensitivity analysis reveal: (1) coating thickness is 
the most influential design parameter that affects the velocity of the reaction front, and (2) increasing 
values of the coating shear and bulk moduli, and the coating thickness reduce tensile circumferential 
stresses at the edge of the particle. The latter minimises the risk of particle cracking in the opening 
mode, but it can also accelerate the arrest of the reaction front, and thus reduce the particle lithiation 
degree in Li-ion battery anodes. 
Keywords: lithium-ion battery; lithiation reaction; chemical reaction front; elasto-viscoplastic Si 
particle; hyperelastic polymer coating; chemo-mechanics; nonlinear FEM 
 
1. Introduction 
Lithium-ion batteries (LIBs) are some of the most widely employed energy storage devices, used 
in a range of applications such as electric vehicles, large-scale energy storage grids, and portable 
electronic devices [1–3]. While most commercial LIBs use graphite as an active anode material, silicon 
(Si) particles have been the subject of intense research in recent years as a possible replacement, as 
depending on form, Si has approximately 10 times the capacity of graphite [4–6]. However, the main 
drawback is that Si particles undergo large volumetric expansion during lithiation (over 300%) [7,8], 
compared to that of graphite (~10%) [9]. The expansion of Si during lithiation leads to severe 
mechanical stresses in the anode material over multiple cycles, which can lead to cracking of the 
surface of the particle [10,11]. As a result, the gravimetric capacity of LIBs using Si can decrease over 
a number of cycles (70% capacity loss within five cycles) [12], partially negating the main advantage 
of using Si. 
Several approaches have been proposed to reduce the capacity fade of LIBs by decreasing 
mechanical stresses. These include using nanometre-size Si particles to reduce crack formation [13–
15], and applying coatings made from a range of materials [16–19]. Coatings mechanically constrain 
each particle and also protect the active material from coming into contact with the electrolyte of the 
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battery [16–18], which leads to the growth of an undesirable solid electrolyte interphase (SEI). 
Different coatings have shown to improve cycling performance, with a polymer coating allowing for 
a capacity retention of over 90% for 5000 cycles [18], and a carbon coating leading to a retention of 
95.6% of the initial capacity after 40 cycles [20]. Stresses in LIB not only lead to mechanical 
deterioration of the constituents, but also interfere with the kinetics of lithiation reaction [4]. The 
mechanochemical coupling mechanisms are already well-studied in literature, e.g., [21–24]. 
However, a detailed study of how polymer coatings influence the stress-affected lithiation process in 
Si particles of LIB anodes is yet to be performed. Due to their complexity, systematic in situ 
experimental studies on the influence of coatings on the lithiation process of Si particles are scarce 
[25]. In addition to experiments, there have been few computational modelling studies on the topic 
of coated Si particles undergoing lithiation reaction. For example, Li et al. [26] utilised a linear elastic 
model to optimise carbon-coated Si particles to improve capacity retention by varying coating radius, 
coating thickness, and space between the expanding particle and the carbon coating. Although the 
proposed study provided some useful qualitative direction for maximising the capacity of carbon-
coated Si particles, the analysis did not capture the lithiation-reaction in Si particles observed 
experimentally. It is well-known that the two-phase lithiation process occurs in Si particles, with the 
lithiated material separated from the unlithiated one by a reaction front which is driven by an 
electrochemical force [27,28]. To capture this phenomenon, a finite-element study investigated the 
effects of fracture of the carbon coating surrounding a Si particle with a stationary sharp reaction 
front separating lithiated and unlithiated parts of the particle [29]. The authors proposed some design 
guidelines for the thickness of the carbon coating. The models of non-stationary stress-affected two-
phase reaction front, in turn, have been reported in [30,31], and implemented into a nonlinear finite-
element framework. Up to now, neither of these approaches have been extended to study coated 
particles using nonlinear finite-element simulations, important for the design of enhanced Si particle-
based electrodes of LIBs. 
The aim of this paper is twofold. First, a nonlinear chemo-mechanical model [30] that captures 
stress-affected two-phase lithiation as a non-stationary reaction process in Si particles is extended to 
account for the presence of a polymer coating around Si particles. Second, the extended model is 
implemented into a nonlinear large-strain finite-element framework to enable simulations of the 
stress-affected lithiation reaction in polymer-coated Si particles, and provide new insights into the 
effects of material properties and thickness of a polymer coating on stresses, reaction front velocity, 
and degree of lithiation. 
2. Chemo-Mechanical Model for a Polymer-Coated Spherical Si Particle 
2.1. Model Background 
The computational chemo-mechanical model follows the thermodynamic theoretical framework 
of chemical reactions based on the chemical affinity tensor for localised chemical reactions in 
deformable materials, originally developed by Freidin et al. [24,32,33], and it is an extension of the 
model of two-phase lithiation of spherical Si particles without a coating [30]. 
Here, a spherical amorphous Si (a-Si) particle surrounded by a hyperelastic polymer layer of 
uniform thickness is considered, as shown in Figure 1. The bonding strength between the coating and 
particle is assumed as infinitely high, and thus no debonding is considered in this work. Moreover, 
the model neglects the presence of a solid electrolyte interphase (SEI) layer [18,33,34], due to the lack 
of experimental evidence about the effect of the coating on the occurrence of the SEI. 
The lithiation process starts here from the edge of Si particle rather than from the edge of the 
coating. When the lithiation reaction occurs between a solid constituent (Si particle) and a diffusive 
constituent (Li ions), the latter diffuses through the chemically transformed part of Si particle, the 
reaction is localised at an infinitely thin interface (reaction front). The lithiation process is described 
by the chemical formula n−(a-Si) + 𝑛∗Li → Li௡∗(a − Si)௡ష, where it is assumed that the transformed 
material has 3.75 lithium atoms per one Si atom (i.e., Li3.75(a-Si))—this in line with the previously 
published papers (see e.g., [27]), where the ratio of stoichiometric coefficients 𝑛∗/n-varies from 2.5 to 
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3.75. In addition, the maximum achievable concentration of Li ions in a-Si, taken here as 4.4 (Li) to 1 
(a-Si) ratio, is used to calculate solubility (see [30])–the latter also signifies that there are 0.65 free Li 
atoms (per 1 a-Si atom) available for the diffusion process. 
 
Figure 1. Spherical polymer-coated Si particle undergoing a two-phase lithiation process (the lithiated 
particle is shown as mapped onto the reference (undeformed) configuration); coating thickness ℎ =
𝑅் − 𝑅௉ ; 𝑅௰  denotes the position of the reaction front mapped onto the reference (undeformed) 
configuration. 
The reaction front separates the transformed (shell) and untransformed (core) domains of the 
particle (see the right-hand side part of Figure 1). The chemical transformation of the shell domain 
leads to the volumetric expansion g, which is assumed as isotropic. As a result, mechanical constraints 
provided by the untransformed core and hyperelastic coating to the volumetrically expanding shell 
lead to stresses within the entire particle. In turn, those stress affect the kinetics of the reaction front, 
according to the thermodynamic theory of localised reactions [24,32,33]. Thus, the problem here 
involves three coupled processes of mechanical deformation, diffusion, and chemical reaction at the 
reaction front, which contribute to the formulation of the coupled system of governing equations, 
described in the section below (see Section 2.2). 
It is noteworthy to mention that the lithiation reaction for crystalline Si particles (c-Si) will lead 
to an anisotropic expansion, and will induce preferential expansion of the particle, as confirmed by 
experiments [11]. This will require formulation and solution of the coupled system of equations in 
3D, including a computationally challenging task of resolving the movement of the reaction front in 
3D. 
2.2. Governing Equations for a Coated Spherical Si Particle With a Non-Stationary Reaction Front 
The governing equations of the model are formulated in the spherical coordinate system due to 
the spherical symmetry of the problem. 
The kinematics of the particle is described by the total, and plastic deformation gradients F and 
Fp, respectively, which are given as 
𝐹_ =  
d𝑟_
d𝑅 𝑒ோ𝑒ோ +
𝑟_
𝑅 (𝐼 − 𝑒ோ𝑒ோ) (1a) 
𝐹ା =  
d𝑟ା
d𝑅 𝑒ோ𝑒ோ +
𝑟ା
𝑅 (𝐼 − 𝑒ோ𝑒ோ) (1b) 
𝐹୮ =  ୮𝑒ோ𝑒ோ + 1( ୮)ଵ/ଶ (𝐼 − 𝑒ோ𝑒ோ) (1c) 
where subscripts “−” and “+” refer to the untransformed (core) and transformed (shell) particle 
domains, respectively; 𝑒ோ is the base vector in the radial direction, 𝑟 is the radial coordinate in the 
current configuration and 𝑅  is the radial coordinate in the reference configuration, while λ୮ 
denotes the plastic stretch ratio in the radial direction. 
The linear momentum balance equation is given by: 
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dσோ
d𝑅 +
2
𝑅 (σோ − σ஘) = 0 (2) 
where σோ and σ஘ are the radial and the circumferential Cauchy stress components, respectively. 
The stress components are defined within the separate phases as:  
  σோ = ቐ
σோି (𝑅),                𝑅 < 𝑅୻
σோା (𝑅),           𝑅୻ < 𝑅 < 𝑅୔
σோ୘ (𝑅),                𝑅 > 𝑅୔
  (3a) 
σ஘ = ቐ
σ஘ି (𝑅),                 𝑅 < 𝑅୻
σ஘ା (𝑅),            𝑅୻ < 𝑅 < 𝑅୔
σ஘୘ (𝑅),                 𝑅 > 𝑅୔
 (3b) 
Equation (2) is complemented with relevant interface (at the reaction front) and boundary 
conditions: (i) the displacement and traction continuity conditions are enforced at the position of the 
reaction front 𝑅୻ as well as at 𝑅୔, (ii) the external boundary condition is enforced at 𝑅୘ (for the 
majority of simulation cases, the stress-free particle boundary was assumed here). 
The normal component of the stress-dependent velocity of the reaction front, near chemical 
equilibrium, is given by [32]: 
𝑉 =  − d𝑅Γd𝑡 =
𝑛ି𝑀ି
ρି
𝑘∗𝑛∗൫𝑐 − 𝑐ୣ୯൯ (4) 
where c denotes the Li-ion concentration at the reaction front, 𝑛ି and 𝑛∗ are the stoichiometric 
coefficients related to the untransformed material (core of the particle) and diffusive species (Li ions). 
Furthermore, ρି is the mass density and 𝑀ି is the molar mass of Si particle, respectively; 𝑘∗ is the 
reaction rate coefficient, and 𝑐ୣ୯ is the concentration at which the chemical equilibrium occurs. 
For spherical symmetry, the equilibrium concentration 𝑐ୣ୯ for a current position of the reaction 
front can be found as [32]: 
𝑐ୣ୯ = 𝑐∗ exp ൭−
1
R୥𝑇
𝑛ି𝑀ି
ρି
ቆγ + 𝑊 − 𝑔ଷ𝑊ା +
𝑟ଶ
𝑅ଶ σோ ൴
d𝑟
d𝑅൸ቇ൱ (5) 
where dr/dR in the double brackets denote the jump of the radial component of the total deformation 
gradient at the reaction front. Then, 𝑐∗ stands for the solubility of Li ions in the transformed material, 
γ is the chemical energy parameter consisting of the temperature-dependent chemical energies of the 
reaction constituents; while 𝑊  and 𝑊ା stand for the strain energy density of the untransformed 
and transformed materials, respectively (see Section 2.3). Finally, R୥ is the ideal gas constant and  𝑇 
stands for temperature. Hence, the reaction front velocity is coupled with the mechanics via the radial 
stress component and the jump of the radial component of the total deformation gradient, as shown 
in Equation (5). 
Then, assuming that the diffusion process for Li-ions is much faster than the reaction front 
propagation, one can find the concentration of Li-ions at the reaction front by solving a steady-state 
diffusion equation as: 
1
𝑅ଶ  
d
d𝑅 ൬𝑅
ଶ d𝑐
d𝑅൰ = 0 (6) 
complemented by two boundary conditions [30]: 
𝐷 dd𝑅 𝑐 + (𝑛∗)
ଶ𝑘∗൫𝑐 − 𝑐௘௤൯ฬோ ୀ ோΓ
= 0 (7) 
𝐷 dd𝑅 𝑐 + 𝛼(𝑐 − 𝑐∗)ฬோ ୀ ோౌ
= 0 (8) 
where 𝐷  is the diffusion coefficient of the Li ions through the transformed (lithiated) material, 
respectively; α is the surface mass transfer coefficient. The Li-ion diffusion equation (cf. Equation 
(6)) can be solved analytically in the form of c(r) = C1 + C2 r, where the coefficients C1 and C2 are 
determined from the boundary conditions (cf. Equations (7) and (8)). 
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The concentration obtained from the solution of Equations (6)–(8), it can then be substituted to 
Equation (4) to give the following expression for the velocity of the reaction front (for 𝑛∗ = 1) 
𝑉 = ൫𝑐∗ − 𝑐ୣ୯൯
𝑛ି𝑀ି
ρି
1
1
𝑘∗ +
(1 − ξ)ଶ
𝛼 +
ξ(1 − ξ)
𝐷଴
 (9) 
where 
ξ = 𝑅୔ − 𝑅Γ𝑅୔    and ξ = ሾ0,1ሿ, 𝐷଴ =
𝐷
𝑅୔ (10) 
The governing equations given above form a coupled stress-diffusion-reaction boundary value 
problem for a polymer-coated Si particle, which are complemented by relevant constitutive equations 
described in the section below. 
2.3. Constitutive Relations 
2.3.1. Transformed and Untransformed Components of Si Particle 
Constitutive (stress–strain) relations for lithiated (phase transformed) and unlithiated (phase 
untransformed) parts of Si particles are derived from the corresponding strain energy density 
functions for the transformed and untransformed domains of the particle. Tensor derivations are 
omitted below and only the final expressions are provided—for further details, see [30]. 
The strain energy density function for the untransformed material is given as 
𝑊 = 𝐾ି ቆ
𝑟ଷ
𝑅ଷ − 1 − ln
𝑟ଷ
𝑅ଷቇ (11) 
with the bulk modulus of the untransformed material given by 𝐾ି. 
Thus, the corresponding stress components are given by: 
σோି = σ஘ି = 𝐾ି ቆ1 −
𝑅ଷ
𝑟ଷ ቇ (12) 
The strain energy density of the transformed material, 𝑊ା, is described by: 
Wା =  Kା ቀ
χ
ζ − 1 − ln
χ
ζቁ +
Gୱ
2 ቆ
1
λ୮ଶ
χସ ଷൗ + 2λ୮χିଶ ଷൗ − 3ቇ +
G୦
2 ቀχ
ସ ଷൗ + 2χିଶ ଷൗ − 3ቁ (13) 
where 
ζ = 𝑔
ଷ𝑅ଷ
𝑟ଷ ,          χ =
d𝑟
d𝑅
𝑅
𝑟 (14) 
and 𝐺ୱ is the shear modulus, 𝐺୦ is the hardening modulus, 𝑔ଷ is the ratio of volumetric expansion 
caused by the chemical reaction, 𝐾ା is the bulk modulus. 
The radial and circumferential components of the Cauchy stress tensor for the transformed 
material, σୖା  and σ஘ା , are subsequently split into their deviatoric (with superscript “d”) and 
volumetric (with subscript “v”) terms as follows: 
σோା = σ୴ோ + σ ୱோୢ + σ ୦ோୢ , σ஘ା = σ୴஘ + σ ୱ஘ୢ + σ ୦஘ୢ  (15) 
Further, the volumetric radial and circumferential stress components are given by: 
σ୴ோ = σ୴஘ = 𝐾ା ൬1 −
ζ
χ൰ (16) 
The deviatoric stresses are subsequently separated into relevant terms that determine the 
nonlinear viscoelastic (σ ୱୢ) and hardening (σ ୦ୢ) behaviour, respectively. 
σ ୱோୢ =  
2
3 𝐺ୱ
ζ
χ ቆ
1
λ୮ଶ χ
ସ ଷൗ + λ୮χିଶ ଷൗ ቇ , 𝜎 ୱ஘ୢ = −
1
3 𝐺ୱ
ζ
χ ቆ
1
λ୮ଶ χ
ସ ଷൗ + λ୮χିଶ ଷൗ ቇ (17) 
σ ୦ோୢ =
2
3 𝐺୦
ζ
χ ቀχ
ସ ଷൗ + χିଶ ଷൗ ቁ , 𝜎 ୦஘ୢ =
2
3 𝐺୦
ζ
χ ቀχ
ସ ଷൗ + χିଶ ଷൗ ቁ (18) 
The description of the evolution law for plastic strains in the phase-transformed part of Si 
particle completes the constitutive model as: 
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1
λ୮ 
dλ୮ 
d𝑡 =
1
3η σୱ
∗ = 13τ଴
σୱ∗
σ଴ ቆ
|σୱ∗|
σ଴ ቇ
௤
,          and          σୱ∗ = σୱோୢ + σୱ஘ୢ (19) 
where τ଴, σ଴ , and 𝑞 are parameters determining the plastic flow, η is the viscosity, and σୱ∗ is the 
signed equivalent deviatoric driving stress. 
2.3.2. Hyperelastic Polymer Coating 
The polymer coating is assumed to follow a hyperelastic material behaviour, and it is described 
by the strain energy density function as 
𝑊୘ = 𝐾୘ ൬
χ
ψ − 1 − ln
χ
ψ൰ +
𝐺୘
2 ቀχ
ସ ଷൗ + 2χିଶ ଷൗ − 3ቁ (20) 
where 𝐾୘ and 𝐺୘ are the bulk and shear moduli of the coating. 
Hence, the stress components in the radial and circumferential directions are given by 
σோ୘ = 𝐾୘ ൬1 −
χ
ψ൰ +
2
3 ൭𝐺୘
χ
ψ ቀχ
ସ ଷൗ + 2χିଶ ଷൗ ቁ൱ (21) 
σ஘୘ = 𝐾୘ ൬1 −
χ
ψ൰ −
1
3 ൭𝐺୘
χ
ψ ቀχ
ସ ଷൗ + 2χିଶ ଷൗ ቁ൱ (22) 
where the dimensionless parameter ψ is expressed as: 
ψ = 𝑅
ଷ
𝑟ଷ  (23) 
It is worth mentioning that the polymer coating will be subjected to electrolyte fluid in a Li-ion 
battery, which can change mechanical properties of the coating due to polymer swelling. However, 
this has not been considered here due to the lack of reliable experimental evidence. 
3. Finite Element solution of the Problem 
The FE solution of the linear momentum balance Equation (2), subject to relevant boundary 
conditions (the displacement continuity at R = RΓ, and either stress-free or fully-constrained 
conditions at R = RT), follows a 1D numerical solution procedure due to the spherical symmetry of 
the problem. Thus, the problem is discretised by dividing the entire particle domain with the coating 
𝑅୘ into (𝑁 + 1) equally spaced nodes, each separated by the fixed distance Δ𝑅 = R0/N, where R0 
denotes the centre of the particle. The corresponding 1D FE mesh is shown in Figure 2, with the 
reaction front moving by one node towards the centre in a single timestep between the two time 
instances t = tn and tn+1, transforming previously chemically untransformed finite-element domains in 
the process. Thus, the position of the reaction front can only be at nodal points of the mesh. 
 
Figure 2. Schematic representation of the FE mesh and the reaction front movement from the edge 
(RN) of the particle to its centre (R0). 
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The model outlined in Section 2 results in (𝑁 + 1)  non-linear equations with unknows 
𝑟௜(1,···, 𝑁)  and Δ𝑡 . In particular, function ?̃?(𝑅)  gives the FE approximation of the solution to 
Equation (2) as: 
?̃? = ෍ 𝑟௜ϕ௜,
ே
௜ୀଵ
  and ϕ௜൫𝑅௝൯ = ൜1, 𝑗 = 𝑖,0, 𝑗 ≠ 𝑖,   𝑅௝ = 𝑗Δ𝑅, 𝑗 = 1,···, 𝑁 (24) 
where ϕ௜ are continuous functions of 𝑅, and are linear for 𝑅 ∈ ൣ𝑅௝ିଵ; 𝑅௝൧ and 𝑗. 
Then, the finite-element discretisation of the momentum balance equation in spherical 
coordinates is given by: 
− න σோ
dϕ௜
d𝑅  d𝑅 + න
2
𝑅 (σோ − σ஘)
ோ౐
଴
ோ౐
଴
ϕ௜ d𝑅 = 0, 𝑖 = 1, … , 𝑁 (25) 
where the integrals above are evaluated at the integration point in the middle of a finite element using 
the mid-point rule. 
Furthermore, the plastic flow rule, Equation (19), is discretised using the implicit scheme 
λ୮,௝ = λ୮,௝ିଵexp ൬
1
3η σ ୱ,௝
∗ Δ𝑡൰ (26) 
where subscripts j and j−1 stand for the current and previous timesteps, respectively. 
As the position of the reaction front at a given timestep is associated with nodal positions, the 
change in the front position is defined by an additional equation Δ𝑅 = 𝑉Δ𝑡. For the fixed spatial step 
Δ𝑅, the timestep Δ𝑡 becomes an additional unknown in the solution. Thus, the velocity of the reaction 
front V (cf. Equation (9)) is computed at the current position of reaction front 𝑅௜, while the timestep 
is the time increment required for the front to move from the previous position 𝑅௜ିଵ to 𝑅௜. 
It is also worth mentioning that as the reaction front can only be located at a node, a finite 
element can either stand for the transformed (shell) or the untransformed (core) material domain, 
when adjacent to the front. Therefore, the radial stress at the reaction front required to compute 
𝑐ୣ୯ (cf. Equation (5)) is computed as average of stresses from the finite-element integration points on 
both sides of the reaction front. Moreover, strain energy and stretch ratios at integration points in 
transformed and untransformed finite-element domains next to the reaction front are used to 
compute 𝑐ୣ୯ (Equation (5)), and then the velocity of the reaction front (Equation ((9)). 
The solution to the resulting system of (N+1) nonlinear equations is obtained using the Newton–
Raphson method for the nodal values ri and timestep Δ𝑡 . The entire numerical procedure was 
implemented via MATLAB scripting. 
4. Results and Discussion 
The model described above is used to simulate the stress-affected two-phase lithiation in a 
polymer-coated Si particle to provide insights into the effects of polymer coating properties (shear 
modulus, bulk modulus, and thickness) on relevant stress components (radial and circumferential), 
degree of lithiation and the velocity of the propagating reaction front. Additionally, a simple 
deterministic sensitivity analysis is carried out to identify the most significant coating parameters 
that affect the two-phase lithiation process in a polymer-coated Si particle. 
4.1. Model Parameters 
Shear modulus, bulk modulus, and thickness of the polymer coating are chosen as design 
parameters in this paper, and their values are discussed first. The coating thickness is assumed to 
vary from h = 10−1 nm to h = 102 nm, which is in agreement with some coating thicknesses reported in 
the literature. For example, a polymer-based particle coating made of polypyrrole (PPy) with a 
thickness of 5–10 nm was applied to Si nanoparticles with diameters of 150 nm and 380 nm [19]. Shear 
moduli of typical polymers at room temperature range from a few tenths of MPa (cross-linked 
rubbers) to several GPa (thermosetting resins). However, here a wider range of the shear moduli from 
GT = 10−2 GPa to GT = 101.5 GPa is investigated, which is well beyond currently existing polymers. 
Nevertheless, this extended range enables a more systematic parametric study, and it also provides 
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an incentive for developing new polymeric materials with enhanced mechanical properties for 
energy storage-related applications. A similarly wide range of bulk moduli is studied from KT = 10−2 
GPa to KT = 101.5 GPa, where a typical value of bulk modulus for polymers is at the order of a few 
GPa–again, that extended range allows for a more systematic study of the influence of polymer 
coating properties on the lithiation process. A radius of RP =150 nm was chosen for Si particles, based 
on the previous research [34]. All other parameters used are given in Table 1 in Appendix. 
4.2. Effects of Coating Moduli on Stresses During Lithiation Process 
Examples of the radial and circumferential stress components are plotted in Figure 3 andFigure 
4, respectively. They are shown as a function of the normalised particle radius, for different values of 
the shear modulus of the coating, and at the position of reaction front corresponding to 𝑅୻ = 0.5𝑅୔. 
Both radial and circumferential stresses are constant within the particle core ( 𝑅 < 𝑅୻ ) due to 
exclusively hydrostatic stress state of the core. Outside the core (i.e., for 𝑅 > 𝑅୻) the particle shell is 
subjected to compressive radial stresses, which then raise to 0 at the particle edge due to imposed 
stress-free boundary conditions. The circumferential stresses are discontinuous at the reaction front 
(i.e., at 𝑅 = 𝑅୻), increasing from large compressive values to tensile at the edge of the particle (i.e., at 
R = Rp). Those complicated stress profiles result from the accumulation of the plastic deformation in 
the core, and were discussed in detail for the case of Si particles without the coating layer (see [30]). 
  
Figure 3. (a) Radial stress component as a function of normalised particle radius for different shear 
moduli of the coating, and h = 10 nm and KT = 1 GPa. (b) Zoom-in on the radial stresses close to the 
edge of the particle and within the coating.  
  
Figure 4. (a) Circumferential stress component as a function of normalised particle radius for different 
shear moduli, and h = 10 nm and KT = 1 GPa. (b) Zoom-in on the circumferential stresses close to the 
edge of the particle and within the coating. 
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The shape of those stress profiles remain qualitatively the same within the particle domain, when 
coatings of different properties are applied to the particle. However, the coating properties change 
the results quantitatively, and in some cases those changes are significant. In particular, an increase 
in the shear modulus of the coating leads to the reduction of tensile radial stresses in the particle core, 
and an increase in compressive radial stresses in the particle shell. Importantly, an increase in the 
coating shear modulus reduces the circumferential stresses at the edge of the particle, Figure 4b, 
which minimises the risk of particle cracking. 
Due to the importance of the circumferential stresses at the edge of the particle (at R = Rp), those 
stresses were investigated further at different levels of lithiation. The results are plotted in Figure 5a 
for six different combinations of shear and bulk moduli. Compressive circumferential stresses are 
found to be dominant in the initial stages of lithiation (up to 𝑅୻ = 0.6𝑅୔). As the reaction front moves, 
the stresses become tensile for three different combinations of coating properties (𝐺୘ = 𝐾୘ = 1 GPa; 
𝐺୘ = 1 GPa and 𝐾୘ = 10 GPa; 𝐺୘ = 10 GPa and 𝐾୘ = 1 GPa)—this in principle indicates that those 
combinations can lead to particle cracking (in opening mode I) at advanced stages of the lithiation 
process. The circumferential stresses never become tensile for the moduli combination of 𝐺୘ = 𝐾୘ =
10 GPa–coatings with those moduli values would prevent from opening mode I particle fracture from 
the particle edge. Figure 5b shows pressure, 𝑝 =  −ோ at the reaction front, plotted as a function of 
the reaction front position for different moduli combinations. Similarly, as for the circumferential 
stresses at the edge of the particle, there is a large discrepancy in the results when the moduli 
combination is 𝐺୘ = 10 GPa and 𝐾୘ =10 GPa. In particular, this moduli combination results in a 
constant rise in pressure at the reaction front during the lithiation, while in the case of the other 
moduli combinations the pressure becomes negative up to 𝑅୻ = 0.8𝑅୔, and only then it starts to 
increase. 
  
Figure 5. Circumferential stresses and pressure as functions of the reaction front position for different 
combinations of the coating moduli: (a) circumferential component; (b) pressure; h = 10 nm. 
4.3. Effect of Coating Moduli on Reaction Front Velocity 
In addition to stresses, a change in bulk and shear moduli of the coating can affect the reaction 
front velocity and degree of lithiation. Therefore, the effect of different combinations of bulk and 
shear modulus on the reaction front velocity are shown in Figure 6, where the front starts from the 
edge of the particle, i.e., at (𝑅୔ − 𝑅୻)/𝑅୔ = 0, and then it moves towards the particle centre. In the 
case when the polymer coating is not used, the reaction front increases initially, and it stays almost 
constant afterwards for a certain period of time, and then rapidly drops to zero. Such a complex 
velocity profile is the result of an interplay between different components of the configurational 
driving force, and it is significantly influenced by problem parameters. These dependencies were 
analysed in detail in [30]. 
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Figure 6. Profiles of reaction front velocity for different coating shear moduli. (a) KT = 1 GPa and h = 
10 nm. (b) KT = 10 GPa and h = 10 nm thickness. 
When the coating is applied to the particle, and for a range of shear moduli and the bulk modulus 
of 1 GPa, the reaction front velocity rises slightly, before stabilising at the velocity of between 13 and 
14 nm/s, depending on the coating properties. As the reaction front approaches the particle centre, 
the reaction front starts slowing down rapidly, until it is eventually arrested at the reaction fron 
position 𝑅୻ = 0.15𝑅୔. This trend in the velocity profile is only slightly affected by the change of the 
shear modulus of the coating for the given value of the bulk modulus. However, for the same range 
of shear moduli and the larger bulk modulus of 10 GPa, significant changes in the reaction front 
velocity profile are found, as shown in Figure 6b. In particular, for larger values of the shear moduli 
the velocity of the reaction front decreases rapidly after the lithiation process starts. For such 
combination of moduli, an increase in stresses at the reaction front inhibits the lithiation reaction. 
This is undesirable from the energy storage point of view, as only a small portion of Si particle domain 
undergoes lithiation. 
It must be noted that due to spherical symmetry, the normalised position of the reaction front 
𝑅୻/𝑅୔  corresponds to the material transformation of 1 − (𝑅୻/𝑅୔)ଷ  of material volume fraction.  
For example, the normalised radial position of the reaction front of 0.5 corresponds to a volumetric 
transformation of 87.5% of available Si. 
The effects of the coating bulk modulus on the reaction front velocity for the given coating 
thickness and shear moduli of 1 and 10 GPa are shown in Figure 7. Qualitatively, these responses are 
similar to the effect of the shear modulus of the coating on the front velocity, when the fixed bulk 
modulus is fixed, as shown in Figure 6. 
  
Figure 7. Profiles of reaction front velocity for different coating bulk moduli. (a) GT = 1 GPa, h = 10 
nm. (b) GT = 10 GPa and h = 10 nm. 
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It should be noted that when the largest value of the bulk modulus of the coating was used, KT 
=101.5 GPa, the reaction did not start as the constraints from the volumetrically stiff coating generated 
too large stresses in Si particle for the reaction front to propagate. Irrespectively of the value of the 
coating shear modulus, the lowest value of the bulk modulus, KT = 0.1 GPa, resulted in similar results 
for the reaction front velocity as when no coating was present. 
In order to generalise the results, a systematic study on the effects of combinations of the coating 
moduli 𝐺୘ and 𝐾୘ on the degree of lithiation in Si particles was performed, as shown in Figure 8. 
The degree of lithiation is defined a β = (𝑅୔ − 𝑅୻)/𝑅୔ at the velocity of 2 nm/s. The smallest values 
of both parameters do not generate sufficiently large stresses to affect the extent of lithiation, and the 
resulting degree of lithiation is β = 0.82 for 𝐺୘ = 10ିଵ GPa,  𝐾୘ = 10ିଵ GPa. The degree of lithiation 
is significantly reduced when the coating parameters are above 1 GPa-in particular, β = 0.29 for 
𝐺୘ = 10ଵ GPa and 𝐾୘ = 10ଵ GPa, and β = 0.02  for 𝐺୘ = 10ଵ.ହ GPa,  and 𝐾୘ = 10ଵ.ହ GPa. 
 
Figure 8. Degree of lithiation as a function of the bulk modulus and shear modulus; h = 10 nm. 
4.4. Effect of Coating Thickness on Stresses and Reaction Front Velocity 
It was found that as the coating thickness increases, both the radial and the circumferential 
stresses are reduced, as shown in Figure 9. However, that reduction in the stress values is relatively 
small for coating thicknesses up to 10଴.ହ  nm, and both stress components remain positive in the 
particle core. More significant changes occur when the coating thickness is 10 nm, and the 
circumferential stresses at the particle edge are reduced to 0.21 GPa, compared to 0.30 GPa for the 
uncoated particle. 
For the thickest polymer coating studied here, ℎ = 10ଵ.ହ nm, both radial and circumferential 
stresses are compressive over the entire domain of the particle. 
The response of the reaction front velocity to changes in the coating thickness are shown in 
Figure 9d. Similarly, the velocity response of the coating thickness is only slightly reduced for coating 
thicknesses up to h = 10଴.ହ nm. A more tangible reduction is found for the coating thickness of h = 10 
nm and h = 10ଵ.ହ nm, with the latter leading to the reduction of the reaction arrest point by 0.05 𝑅୔. 
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Figure 9. Stresses for different coating thicknesses h = 10−1 ÷ 101.5 nm, and GT = KT = 1 GPa; (a) radial 
stresses; (b) zoom-on of radial stresses; (c) circumferential stresses; (d) reaction front velocity. 
4.5. Sensitivity Analysis of Reaction Front Velocity to Coating Properties 
The relative sensitivities [35,36] of the normal component of the reaction front velocity with 
respect to the design parameters (shear modulus, bulk modulus, and thickness of the coating) were 
calculated to compare the effect of different coating parameters on the velocity. These sensitivities 
are defined here as the normalised partial derivatives of the velocity with respect to the design 
parameter P: 
𝑆(𝑃) = ∂𝑉∂𝑃
𝑃
𝑉 ,       
∂𝑉
∂𝑃 
𝑉
𝑃 =
𝑉(𝑃 + 𝑃) − 𝑉(𝑃)
𝑃  (27) 
where 𝑃  stands for the design parameters 𝐺୘ , 𝐾୘  or ℎ . These sensitivities were calculated 
numerically using a small perturbation of 1% of the nominal parameter value. 
The relative sensitivities of the reaction front velocity were evaluated for four different 
combinations of nominal values of the shear and bulk modulus, and they are plotted as different 
cases in Figure 10 as functions of the normalised position of the reaction front. In particular, all the 
relative sensitivities were found to be negative through the entire lithiation range, which means that 
the increase in the coating parameter leads to the decrease in the reaction velocity. The sensitivities 
are smaller at the edge of the particle (i.e., at R = RP), and their absolute values increase with the 
movement of the reaction front. The significant increase in sensitivity values is caused by the 
normalisation used here, which requires division by the velocity—the latter decreases to zero towards 
the end of lithiation process, as shown in Figure 9d. In Figure 10, it is shown that the coating thickness 
is the most significant parameter influencing the velocity of the lithiation process in Si particles for 
all investigated combinations of the moduli. 
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Figure 10. Sensitivity profiles of the reaction front velocity with respect to shear modulus (GT), bulk 
modulus (KT), and thickness (hT) of the coating for different combinations of shear and bulk moduli; 
nominal coating thickness of 10 nm is used in all simulations. (a) GT = KT =1 GPa; (b) GT = 1 GPa, KT = 
10 GPa; (c) GT = 10 GPa, KT = 1 GPa; (d) GT = KT = 10 GPa.  
4.6. Combined Effects of Coating Parameters and Chemical Energy 
Chemical energy, γ, (cf. Equation (5)), controls the reaction rate in the absence of mechanical 
stresses. Increase in γ results in an increase of the reaction rate. In the case when mechanical stresses 
are present in the particle, increase in γ also results in the increase in the degree of lithiation. The 
detailed analysis of the effect of chemical energy on the lithiation kinetics of the uncoated particle has 
been reported in [30]. Here the influence of  γ on the degree of lithiation is studied for the coated 
particle. In general, once the value of γ reaches a critically low value the reaction cannot start, as 
shown in Figure 11, for γ < 4 J/mm3. It was also found that the increase in the bulk and shear moduli 
of the coating reduces the degree of lithiation for the given value of chemical energy. This results 
from the fact that the coating parameters lead to changes in stresses within the particle, as discussed 
in Section 4.2. In turn, those stresses affect the kinetics of the reaction (cf. Equations (4) and (5)), where 
it can be seen that at low values of γ, the velocity becomes much more sensitive to the stresses, and 
consequently to the values of coating moduli. Qualitatively, similar trends can be observed when 
varying the coating thickness (see Figure 11b)—no lithiation is possible below the threshold value of 
chemical energy parameter γ = 4 J/mm3, and the degree of lithiation is reduced with an increase of 
coating thickness. The latter results from the constraint effect imposed on the particle (for the particle 
subject to stress-free boundary conditions), which increases with the increasing thickness of the 
coating, and thus leading to the increase in stress value that in turn affect the reaction front velocity. 
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Figure 11. Degree of lithiation achieved as a function of the chemical energy parameter γ; (a) effect of 
coating moduli GT and KT when coating thickness hT =10 nm. (b) Effect of hT when GT = KT = 1 GPa. 
4.7. Effect of Particle Constraints (Non-Stress-Free Boundary Conditions) 
Si particles in LIB electrodes are often embedded in a complex composite mixture of binder, 
graphite particles, pores and electrolyte. The mixture imposes certain mechanical constraints onto Si 
particles. In this paper, only two extreme cases are considered—a stress-free particle (discussed in 
the previous sections), and a fully constrained particle, i.e., when the radial component of 
displacement 𝑢ோ = 0 at 𝑅 = 𝑅୘. The reaction front velocity at different stages of lithiation in a fully-
constrained particle and for different combinations of the coating bulk and shear moduli is shown in 
Figure 12. It is worth mentioning that the coating thickness of hT = 10ଶ nm was used in this particular 
study, as it was found that for a fully constrained particle only a sufficiently thick coating can facilitate 
the expansion of the particle, while thinner coatings immediately led to the arrest of the reaction (as 
the coating is subject to radial constraints). As shown in Figure 12a, for the fully constrained particle 
to achieve a higher degree of lithiation, coatings with lower shear moduli are favored. Moreover, for 
the given value of coating shear modulus (GT = 1 GPa) and coating thickness (hT = 102 nm), the reaction 
is blocked at early lithiation stages, between 𝑅୻ = 0.035𝑅୔  and 𝑅୻ = 0.045𝑅୔ , for coating bulk 
moduli from KT = 10−2 to 100 GPa, respectively of the value of the bulk modulus. 
  
Figure 12. Reaction front velocity profiles of the fully-constrained particle. (a) For different coating 
shear moduli and coating bulk modulus KT = 1 GPa and thickness of hT = 102 nm; (b) For different 
coating bulk moduli and coating shear modulus GT = 1 GPa and hT = 102 nm. 
The actual effect of the two types of boundary conditions is shown Figure 13, where the reaction 
front velocity profiles are compared for coating identical bulk and shear moduli and three different 
coating thicknesses. In particular, it can be seen that the degree of lithiation, described by the extent 
of the velocity profile, is significantly decreased when the particle is fully constrained (see Figure 
13a), as compared to stress-free particles. This implies strong effects of boundary conditions and the 
material behaviour of the particle-surrounding medium in battery anodes on the degree of particle 
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lithiation. Moreover, it shows the importance of capturing accurately the constitutive behaviour of 
the material surrounding Si particles for full-scale (3D) finite-element simulations of the problem. 
  
Figure 13. Reaction front velocity profiles for particles with different coating thicknesses and subject 
to different boundary conditions (fully-constrained (FC) and stress-free (SF)); coating shear modulus 
of 10−2 GPa and bulk modulus of 100 GPa; (a) full range; (b) limited range—zoomed-in velocity profiles 
for SF boundary conditions. 
5. Conclusions 
A nonlinear chemo-mechanical model and associated finite-element study for a spherical elasto-
viscoplastic Si particle with a hyperelastic coating are reported in this paper. For this, previously 
developed finite-strain nonlinear chemo-mechanical model, coupling stress, diffusion, and reaction 
front velocity for an uncoated Si particle, are extended here to account for the effects of the design 
parameters of a hyperelastic coating (shear modulus, bulk modulus, coating thickness) on stress 
components, velocity of a non-stationary lithiation reaction front, and degree of lithiation. The model 
equations are solved numerically using the finite-element method taking advantage of the spherical 
symmetry of the problem. 
In general, the largest influence was obtained when values of the shear and bulk moduli of the 
coating are above 101 GPa, which led to an increase of the absolute values of the radial and 
circumferential stress components in the particle. Due to the stress-diffusion–velocity coupling, the 
increase in stresses reduced the velocity of the reaction front, and also the degree of lithiation.  
A simple deterministic sensitivity analysis of the reaction front velocity with respect to coating 
parameters showed that the coating thickness is the most influential design parameter that affects the 
velocity of the reaction front. 
From the materials design viewpoint, the results from this study suggest that the risk of Si 
particle fracture at its external surface due to tensile circumferential stresses can be minimised by 
increasing both moduli and thickness of the coating. However, this study also predicts that an 
increase in those coating parameters can arrest the reaction front movement, and thus it can reduce 
the extent of lithiation. As the latter, in turn, can prevent the battery from efficient charging, a careful 
optimisation of the polymer coating properties for the given electrochemical conditions (cell 
current/voltage, electrolyte, etc.) of a Li-ion battery with silicon-based anodes is required. 
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Appendix A 
Table A1. Used parameters and their values of a two-phase Si particle. 
Parameter Value Parameter Value Parameter Value Parameter Value 
𝐾ା [GPa] 28.5 ρି [ ௚௖௠య] 2.285 𝑀ି[
௚
௠௢௟] 28.0855 𝑛ା [None] 1/15 
𝐺௛ [GPa] 0.5 𝑞 [None] 24 𝑇 [K] 293.15 γ [ ௃௠௠య] 5 
𝐷 [௠మ௦ ] 10ିଵଶ α [
௡௠
௦ ] 2000 𝑔 [None] 41/3 𝐸ି [GPa] 80 
τ଴ [𝑛𝑠] 2 𝑐∗ [௠௢௟௖௠య] 0.053 𝑛ି [None] 4/15 𝑣ି [None] 0.22 
σ଴ [GPa] 1 𝑘∗ [௡௠௦ ] 86 𝑛∗ [None] 1 𝐸ା [GPa] 41 
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